We analytically study phonon transmission and localization in random superlattices by using a Green's-function approach.
I. INTRODUCTION
The long-standing interest in Anderson localization has greatly increased following the understanding that it is common to both electrons and classical waves in disordered media. For the localization of acoustic phonons, an experimentally relevant quantity to study would be the transmission rate. The well-known basic feature is that phonons will not propagate through a medium with a large amount of randomness.
In particular, in one dimension any disorder is strong enough to induce the exponential localization of eigenmodes, i.e. , their amplitudes decay exponentially along the medium with a rate of decay called the localization length. So far, phonontransmission rates have been measured in synthetic multilayered systems, or superlattices (SL's), with both periodic and quasiperiodic order. Similar experiments with randomly layered systems would provide important information on the localization properties of high-frequency acoustic phonons.
In a previous paper, 3 we studied phonon propagation through random SL's by means of the transfer-matrix method. The random SL's considered are the multilayered systems where two kinds of basic blocks of materials (which may or may not have internal structure) are stacked at random. Each sample has its own realization of randomness in the order of constituent layers, and the phonon-transmission rate versus frequency shows a fine spiky structure specific to the particular realization of disorder present in that given sample. This fluctuating transmission rate can be considered to be a fingerprint of the sample, like the reproducible conductance fluctuations found in electronic mesoscopic transport.
The ensemble average of the transmission rate over possible configurations of the constituent layers smears out the fine structure, but still leaves global features of transmission dips and peaks. The dips arise from phonon localization due to the interference among backscattered phonons. The peaks arise from the resonance occurring when appropriate matching conditions are satisfied between the phonon wavelength and the thickness of a basic layer.
A significant result of Ref. 3 is that there exists a rernarkable correlation between the ensemble-averaged reflection rate and the squared SL-structure factor calculated analytically.
The latter describes the sum of the phonon amplitudes reflected from SL interfaces. The smaller contributions coming from multiple-phonon refIections have been neglected. We find that at the frequencies where the maxima (minima) of the structure factor are attained, the reflection rate exhibits peaks (dips). The purpose of the present study is to establish quantitatively the relation between the phonon-transmission rate and the SL-structure factor. Also, we examine in some detail the localization characteristic of phonons injected into random SL's. Our study is based on the Green's-function method which has originally been applied to the electronic conductivity in one-dimensional metals. 4 In Sec. II we model the random SL's and formulate the phonon-transmission rate in terms of Green's functions. In Sec. III we derive integral equations for the Green's functions by introducing complex mass-density fluctuations which induce the backscattering of phonons. The solutions of these integral equations, satisfying ap-0163-1829/93/48(4)/2515(14)/$06. 00 48 2515 1993 The American Physical Society 48 propriate boundary conditions, are given in terms of the S matrix associated with the problem. In Sec. IV we show that the 8-matrix elements can be written in terms of the SL-structure factor, which describes the phonon amplitude backscattered from the complex mass-density fluctuations.
The Born approximation is employed for the scattering and the explicit expression is given for the phonon mean free path. In Sec. V we derive an analytical expression for the average transmission rate (T), as a function of the system size divided by the phonon mean free path. We also apply this formula to two types of random SL's and compare the analytical results with the numerical simulations based on the transfer-matrix method.
In Sec. VI the Lyapunov exponent, or the inverse localization length, is obtained by using a differential recursion relation. The Lyapunov exponent is given by the reciprocal of the mean free path and exhibits a good agreement with the numerical simulations. The universality of the transmission fluctuation is discussed in Sec. VII. In Sec. VIII we study the probability distribution of the transmission rate and confirm that the log-normal distribution is applicable to the localized phonons. A summary and discussions are presented in Sec. IX.
II. MODEL
In the present study we consider the phonon transmission through two types of random SL's with diEerent structures in their constituent layers. The first class of SL's, which we refer to as single-layer SL's, consist of two kinds of unit blocks as illustrated in Fig. 1(a) ; that is, each unit block is composed of a single material (A or B) with a definite thickness (dA or d~). The second class of SL's, denoted as double-layer SL's, also consist of two kinds of unit blocks but each one has an internal structure (or basis) as shown in Fig. 1(b 
where ((x) denotes the complex mass-density fluctuation defined by (13) As the complex mass-density fluctuations (' and ( transfer a phonon with a wave number k(= cu/cA) to -k and vice versa, it is convenient to adopt a 2 x 2 matrix representation for the Green s functions, [g~~] ,z, where the indices i"j = 1 and 2 correspond to the phonon states with k and -k, respectively. Defining the diagonal matrix elements for the unperturbed Green's function go+ as [go+(x, x')]11 = Go~(x, x') 8(x -x') and 8(x x&) eius (x -x') /c2
we reexpress Eq. (12) in terms of the matrix elements of g~+ and go+ as (18) The expression for the element [g +]i2 defined by
is obtained from Eq. (18) 
To solve Eq. (20), we follow the mathematical method developed by Abrikosov and Ryzhkin for treating the electronic conductivity problem in one dimension. 4
First of all, we introduce the 2 x 2 S matrix which obeys the following equation:
As the terms with complex mass-density fluctuations ( and (' do not commute with each other, the S matrix can be expressed with the position-ordering operator T as
The operator T rearranges a product of positiondependent operators so that the operators must be placed from right to left in the order of increasing x. For x ) xi ) x', the retarded Green's function g +(x, x') is related to g~+(xi, x') by the expression g + (z, x') = S"(x,xi)g +(xi, x').
The above relation also holds for x' & x & xq. However, for z ) x' ) xi, the relation between g~+(x, x') and g +(xi, x') is not given by Eq. (23) In the same way, we obtain the following boundary conditions for the other elements of the retarded Green's function:
Equations (20), (23), and (24) hold for the advanced Green's function as well as for the retarded Green's function. Now, we impose the boundary conditions satisfied by
Taking the limit of xi~-oo in Eq. (24), we obtain from the boundary conditions (25a) to (25d),
If we take the limit of z~oo and put a = 2, the left-hand side of Eq. (26) vanishes. Thus, we find
Substituting Eq. (27) into Eq. (26), we can express the retarded Green's function as follows:
Similarly, the advanced Green's function can be expressed as
Equations (28a) and (28b) are used to derive the transmission rate.
To proceed further, we introduce an interaction representation of the S matrix with respect to( xI) e E4lxct'g/c~S (x xI)e -icdx KP/cẼ xplicitly,
It should be noted here that the S-matrix S(oo, -oo) in the interaction representation is identical to S(L, 0), or 
Here we note that, to lowest order in the mass-density difference bP, the prefactor 6Pc~/4pA cA in Eq. (38) 
where eA = (e ' ") and e~= (e '~) . Equation (50) gives the backscattering rate in the random SI 's [through Eq. (47) A"(x) -A"(x -4) = (lrlz)(n A" i(x -6) + (n+ 1) A"+i(x -4) -n + (n+ 1) A"(x -4)}. Fig. 1(b) The evaluation of (T) for double-layer random SL's is performed by assuming 100 blocks (M = 100) with dAlAs(= dl, A(As = d2, AlAs) = 17~and dl, asAs and d2 GsAs = 42 A. These pairs of building blocks are the same as those used by Merlin et aLs for the fabrication of quasiperiodic SL's.
Figure 2(b) shows the analytically calculated (T) together with the numerical data. Again, the agreement between these two calculations is excellent. The frequency dependence of (T) looks quite difFerent from Fig.  2(a) Narrow and wide band gaps coexist in the periodic double-layer SL made with the same unit blocks as the ones used for the random double-layer SL's. The Lyapunov exponent is subject to the following differential recursion relation~for an arbitrary function f(z) of z(= 1/T):
The derivation of this relation is given in the Appendix.
Putting f(z) = log z with the initial condition (f(z)) = 0 at t = 0 (L = 0 or E -+ oo), we find small. We see that p oscillates regularly and its peaks occur periodically at frequencies v"=n x 0.266 THz, which coincide with the Bragg frequencies of the periodic SL (the height of the peaks is the same, i.e. , 1.158 x 10 ). The Lyapunov exponent vanishes at the resonance frequencies v( ") (j = A1As or GaAs) and varies parabolicly in the neighborhood of these frequencies (74) In a finite system, phonons whose localization length is longer than the length of the system are regarded as extended. Thus, the critical localization length ("= -:L (/« --I /2) discriminates between localized and delocalized states. We can define the phonon pass band as a frequency region where the Lyapunov exponent p is smaller than the critical value p". The width of the pass bands Aij is estimated from Eq. (74) 
75)
Thus, the pass band width vanishes in an infinitely large SL as noted above. The average transmission at the band edges is readily estimated from Eq. (63) by putting t = t"=L/l"= 2. We find (T) = T"=0.26. Therefore, (T) is greater than 0.26 in the pass bands. Figure 3(b) shows the Lyapunov exponent p for the double-layer SL's, which exhibits quite a different frequency dependence from p in the single-layer SL's. In addition, the magnitude is significantly larger than p in the single-layer random SL's. These differences are attributed to the internal structure of the constituent blocks. In particular, the interfaces between any adjacent blocks are recognized by phonons, leading to a much shorter phonon mean free path as compared to singlelayer SL's with the same number of unit blocks. This also leads to conspicuous dips in (T) in the double-layer SL's even when the number of blocks involved in a random SL is small [see Fig. 2 (b)j.
The parabolic behavior of the Lyapunov exponent p near the resonance frequencies and the size of a pass band width can be derived in a similar way as for the singlelayer SL's, but these calculations are not presented here. The phonons in a pass band are delocalized and their transmission rates are expected to fluctuate due to interference among multiply scattered phonons, just like the electronic conductance Buctuations in mesoscopic transport.
The standard deviation of the transmission AT, defined by (76) can be readily calculated by using the formula derived from Eq. (71), should have a peak like 6'(T -1). From the analogy with the electronic localization problem, the probability distribution for localized phonons is expected to be Gaussian with respect to lnT . We are interested in the transition of the distribution with decreasing average transmission.
We here introduce a probability density W(z, t) with which one can express the average of an arbitrary function f(z) of z = 1/T as f(z)W(z, t) dz.
Substituting Eq. (79) The distribution for the extended phonons has a peak at the origin lnT = 0, suggesting a Poisson distribution. The peak height is lowered with decreasing (T). Fig. 5 ). The most important result we have found in the present work is that the phonon mean free path (and eventually (T)) can be calculated from (~SsL(L,~)~2).
This enables us to study quantitatively the average transmission for a given set of SL's with simple calculations of the mean free path based on the prescribed statistical rules for the building blocks.
The existence of resonances, in the SL system we have considered, yields an interesting structure in the phonontransmission spectrum, such as the alternating regions, in the frequency domain, of localized and extended states. By modulating the thickness of the constituent layers, we can readily produce resonances in the sub-THz frequency region, which are accessible experimentally.
In pure semiconducting materials, the phonon mean free path limited by the bulk elastic scattering caused by mass defects (foreign and isotopic impurities, etc. ) is O. l to 1 cm, or much longer at frequencies below 1 THz.
Also, inelastic scattering of phonons is much weaker at low temperatures. Hence, semiconductor heterostructure random SL's would permit the observation of the eff'ects of high-frequency phonon multiplescattering induced by the mass-density fluctuations in the layered structures.
Through this work we have assumed the same stiffness constants for the SL constituent materials. However, this does not limit the applicability of our results because the fluctuations in the stiffness constants are effectively incorporated into the mass-density fluctuations in the present formulation. Thus, our results are readily applicable to SL's with various combinations of materials, and also to the study of propagation of third-sound waves in He11 films adsorbed on disordered substrates. i
